Inequalities for ultraspherical polynomials and application to quadrature  by Förster, Klaus-Jürgen
Journal of Computational and Applied Mathematics 49 (1993) 59-70 
North-Holland 
59 
CAM 1416 
Inequalities for ultraspherical polynomials 
and application to quadrature 
Klaus-Jiirgen Fiirster 
Znstitut fiir Mathematik, Uniuersitiit Hildesheim, Germany 
Received 13 January 1992 
Abstract 
Forster, K.-J., Inequalities for ultraspherical polynomials and application to quadrature, Journal of Computa- 
tional and Applied Mathematics 49 (1993) 59-70. 
In this paper, for the ultraspherical polynomials Pi*), we investigate inequalities of the type 
(sin 13)y 1 P,(“)(cos 0>j < M, A > 1. Applying the results to linear functionals, we obtain new estimates, in 
particular, for the remainder term in Gaussian quadrature. 
Keywords: Ultraspherical polynomials; inequalities; Gaussian quadrature; Peano constants 
1. Introduction and statement of the inequalities 
We consider the ultraspherical (Gegenbauer) polynomial P,, (*) being the orthogonal polyno- 
mial of degree IZ with respect to the weight function wA, w (x) = (1 ~~~~~~~~~ on [ - 1, 11, 
). In this paper, for A > 1, we inbestigate inequalities of the type 
8 E [0, T], (1.1) 
which are of interest, e.g., for error estimates in the numerical approximation of linear 
functionals, see Section 3. For A E [O, 11, several sharp results can be found in the literature, 
see, e.g. [5,8,13-16,181. 
It is well known that, for fixed A and increasing ~1, 
(sin e)*l P,C”)(cos 
where c is a fixed positive 
proved the inequality 
(sin 0)^\ P,C”)(cos 
e)l=O(n*-l), cn-‘a3,<~-cd, (1.2) 
constant (cf. [19, (7.33.6) ff.]). Kogbetliantz [ll] (see also [17]) has 
q1<2 
r(n + A) 
r(A)r(n + 1) ’ 
A>O, 0<8<n, (l-3) 
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which Lachance [12], for the special case A E fU, has improved by, asymptotically, the factor i. 
Durand [6] has shown that 
(sin 0)2A-1/ P,(“)(cos 0) 1 < 
r($z +A) 
r(A)r(;n + 1) ’ 
A>l, 0,<8<7r. 
Note that we have 
1 pp(O) 1 = r(+n +A) 
r(A)r($z + 1) ’ Iz even. 
(1.4) 
(1.5) 
Therefore, by (1.2) and (1.5), for arbitrary even n, the best choice of y and M in (1.1) would be 
y = A and M = P:“)(O). But this is impossible by a result of Durand [6], who has shown that, for 
A > 1, 
(sin 8)‘i P,‘“‘(cos e’) 1 > 
I+ + A) 
r(A)r($z + 1) ’ 
for each 6~ (0, ‘rr), 6~ $r, satisfying [(sin B)“P,(“)(cos B)]‘,=~= 0. (1.6) 
In the following, for A > 1, we state inequalities which improve either the term on the 
left-hand side in (1.4) or the term on the right-hand side in (1.3). Let L(A, n, c) be defined by 
L(A, n, c) := jP;*‘(O)) + (n” + 2An + c)-“2jP;A”(0)j , 
( r($z+A) 
r(A)r($z + 1) ’ n even, 
= 
n+l r(+(n + 1) + A) 
1’2 r(A)r(+(n + 1) + 1) ’ 
II odd. 
\ (n2+2An +c) 
A rough estimation shows that, for A > 1, 
T(;n + A) 
L(A, n, A) > r(A)r(;n + 1J >L > for odd n. 
At first, using the above notations, we state the following result. 
Theorem 1.1. Let A > 1, A - 12 p > 0, n E N and let 5 E [O, 3~1 be defined by 
(A +@(A-P-1) 
(n +A)2-p2 
(1.7) 
w 
(1.9) 
Then, for each 8 E [t, TT - 51, 
(sin O)A’PIP~n)(cos 0)l <L(A, n, A +p). (1.10) 
With p = A - 1 and (1.8) we directly obtain inequality (1.4). But using Theorem 1.1, we can 
prove sharper inequalities being also valid for each 8 E [0, rr]. 
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Corollary 1.2. Let A > 1, p > 0, n E N. If 
then, for each 8 E [O, ~1, 
(sin f3)A+plPLn)(cos 19)l <L(A, n, A +p) < 
r($z + A) 
r(A)+ + 1) ’ 
(1.11) 
(1.12) 
For fixed A and sufficiently large n, by the above corollary, we obtain new inequalities, if 
(2p + 1>3 > (2A - 1>2. The following corollary shows that also new inequalities for every 12 E N 
can be achieved. 
Corollary 1.3. Let A > 1, n E N and let d > 0 be defined by 
A-l 
d3= - 
2A2 i 
Then, for each 8 E [O, ~1, 
(sin 0) oCd)AIP~A)(~os 0)l G L(A, n, (1 + d)A) G 
r(in + A) 
T(A)T($z + 1) ’ 
(1.13) 
(1.14) 
Comparing this result with (1.41, note that, for increasing A = A(n), d tends to zero, if A and 
n tend to infinity. For fixed A, Corollary 1.3 can be improved, e.g., as follows. 
Corollary 1.4. Let A 2 1, n E N. Then, for each 8 E [O, ~1, 
(sin 8)11h’81P;A)(cos e)l G L(A, n, +A) G 
r($z + A) 
r(A)r(in + 1) * 
(1.15) 
For A > !, inequality (1.15) improves inequality (1.4). Finally, we state results of the type 
(1.1) with y = A. 
Theorem 1.5. Let A > 1, it E N and let sin28 2 A(A - l>/(n + Aj2, 8 E [0, ~1. Then, 
A(A - 1) cos28 
l/2 
(n + A)2 sin28 - A(A - 1) 
L(A, n, A). (1.16) 
Remark 1.6. For a similar result in the more general case of Jacobian polynomials, see [7] 
where a different method has been used. 
By Theorem 1.5 and rough estimation we have the following inequality. 
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Corollary 1.7. Let A 2 1, it E N and let lcos 8 I G 1 - (A - l)/(n + A). Then, 
(sin O)AIPJ”)(cos 0)l 6 
A I-(& + A) 
212 + 2A r(A)r($z + 1) ’ 
(1.17) 
On the other hand, we obtain from Theorem 1.5 the following improvement of inequality 
(1.3). 
Corollary 1.8. Let A 2 1, it E N. Then, for each 8 E LO, ~1, 
(sin ~)*~P~*)(cos 0)l < (2A - 1) 
I-($ + A) 
r(A)r(;n + 1) ’ 
(1.18) 
The proof of the above theorems and corollaries is based on a modification of the method of 
Sonin (cf. [19, 7.311) combined with an extended class of differential equations for ultraspheri- 
cal polynomials and will be given in Section 2. As an application, in Section 3, we present new 
estimates for linear functionals, in particular, for the remainder term in Gaussian quadrature, 
which may be of interest by themselves. 
2. Preliminary lemmas and proof of the inequalities 
Lemma 2.1. Let y = y(x) satisfy in the interval I the differential equation 
A(x)yN +B(x)y’+ C(x)y = 0, A(x) z 0, 
and let the function f be defined by 
f(x) =a(x)y2+b(x)yy’+c(x)~‘2, 
where a, b, c E C’(I). If, for each n E I, 
c’(n) + b(x) - ECU 2 0 (< 0), 
C(x) 
a’(x) - b(x)Ao > 0 (< O), 
then f is increasing (decreasing) in I. 
P-1) 
(2.2) 
P-3) 
(2.4) 
P-5) 
Lemma 2.1 is a modification of the method of Sonin, see [19, 7.311 where this lemma is 
stated for B =A’, a = 1, b = 0 and c =A/C. 
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Proof. Using (2.1) we have 
fr=Yfaf-b;) +yq “) f( c “) c’+b-25 +yy 2a+b’-25-5 ) (2.6) 
which proves the result. q 
(2*7) 
(2.8) 
Lemma 2.2. The function 
y(e) = (sin B)“P,(“)(cos 0), 
is in (0, 7~) a solution of the differential equation 
(sin 0)2y” - 2(a -A) sin e cos 8 y’ 
+ [(n + 2A - cx)(n + a)(sin e)’ - a(2A - Q - l)] y = 0. 
Note that the classical differential equations for P,, (*) (cf. [19, 4.71) are enclosed in (2.8). 
Proof. Using the well-known identities for ultraspherical polynomials, we have 
y’(e) = (sin e>@-l (n + l)P,‘$),(cos e> - cot 8 (n + 2A - f.~)y, 
f(e) = 2(sin e)a-2 (~2 + i)(a -A) COS eP,($(COS e) 
+ &[(n+2A --a)’ cos2e-(n2+2An+a)]y. 
Substituting (2.71, (2.9), (2.10) in (2.81, this proves the result. 0 
(2.9) 
(2.10) 
Lemma 2.3. Let e be the smallest positive extremal point of (sin B)“P,‘“‘(cos 0). Then, for 
a>A-;>O, 
(A - +)” 
(Sin fa2> (n +A)2 _ + * (2.11) 
Proof. The result follows immediately from [9, proof of Lemma 31, using additionally that e 
increases if cr increases. 0 
Proof of Theorem 1.1. With a = 1, b = 0 and c =A/C in Lemma 2.1 using Lemma 2.2 we have, 
see (2.41, 
I 
V) c’(e) d(e) + b(e) - 2c(e)--- 
A(e) 1 
= [Aye) - 2B(e)]c(e) -A(e>cye) 
= 2 sin 8 cos 8 
i 
2(a - A)(n + 2A - cx)(n + a) sin28 
-(2~r-2A+1)(2A-a-l)a ’ 
(2.12) 
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Therefore, substituting (Y := A + p, for the function f in (2.2) we obtain, for 8 E [&, r - 51, 
f(0) = [(sin 0) h+PP;n)(cOs @I’ 
+ sin20[(A +p) sinAtP-iO cos 8P,‘“)(cos 0) - sinA+~+lBP,(A)‘(cos e)]’
(n+h-p)(n+A+p) sin20 - (A + P)(A - p - 1) 
e(h) = [c?(0)12+ n2+ 2A;+A +p [Ehv)12~ (2.13) 
which proves the result. q 
Remark 2.4. Substituting cy = A in (2.12) and using (1.8), by the same method, we immediately 
obtain (1.6). 
Proof of Corollary 1.2. The result follows from Theorem 1.1 and Lemma 2.3, if 
(A - ;)” 
sin2(l) G (n +A)2 _ f . (2.14) 
A short calculation shows that (2.14) is equivalent to (1.11). If p < (A - 1)/(4n), then (1.11) is 
impossible. Therefore, the second inequality in (1.12) follows from (1.8). q 
Proof of Corollary 1.3. Substituting p := dh and increasing the left-hand side of (1.11) by the 
factor (A - $j2(n + Aj2/{A(A - l>[(n + Al2 - f]}, a lengthy but elementary calculation shows 
that (1.11) is valid if 
2(dA)‘jl - ;‘;cA;! 1 + 3(dA)2 + dh 2 A(A - 1). (2.15) 
By the definition of d in (1.13) this inequality holds. q 
Proof of Corollary 1.4. At first, let IZ > 2. Then, with Corollary 1.2 the result follows, if 
(2A - 1)2 - (fh + 1)2 A + ; (3 + A)2 - f 
(2A - 1)2 A (3+A)2-&,A2 
~ 1 
’ 
(2.16) 
which is equivalent to 
82A3 - 421A2 + 2114A + 7024 > 0, (2.17) 
being valid for A > 1. For II G 2 the result follows by explicit calculation. 0 
Proof of Theorem 1.5. We use Lemma 2.2 with (Y = A and Lemma 2.1 with a = C/A, b = 0, 
c = 1. Equation (2.5) is equivalent to cos e/sin38 2 0 (G 0). Therefore, 
A(A - 1) 
sin2e 
I 
+[A( sin e)*-’ cos eP,‘A)(~~s e) - (sin e) h+l~,(A)‘(~~~ e)12 
<f&r) = (n’ + 2An + A)[ P;^‘(O)]’ + [ P,‘A”(0)]2, 
which proves the theorem. 0 
(2.18) 
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Proof of Corollary 1.7. For cos28 < ((n + l)/(n + A>12 we obtain from Theorem 1.5, 
(sin 0)“] P,(*)(cos 0) 1 ~11+(~i’~~1’2L(A,n.A), (2.19) 
which, using (1.8), is sharper than (1.17). 0 
Proof of Corollary 1.8. This result is a direct consequence of Theorem 1.5 and Lemma 2.3: 
(sin 0)“l P,(“)(cos 0) 1 G (2A - 1) r - 1 2A(A 1) - 
@~+A)~t~(h-l) 
1 
l/2 
L(A, n, A). 0 
(2.20) 
Proof of (1.8). Consider, for A 2 1, 
G(A, n) = 
r(+z + 1) + A)r($z + 1) n+l 
T($ + A)r( +(n + 1) + 1) ( n2 + 2An + A + CX*,~)~‘~ ’ 
(2.21) 
Then, for fixed A and bounded (Y*,+, we obtain that lim,,, G(A, n) = 1. Now, let H(A, n) := 
G(A, y1 + 2)/G(A, n). A lengthy but straightforward calculation shows, for each y1 E N, that 
H(A, n) < 1 for (Y*,~ = 0 and that H(A, n) > 1 for (Y*,~ = (A - 1)/(4n), which proves the two 
inequalities. 0 
3. Application to quadrature 
Let R be a continous linear functional on C[ - 1, 11 vanishing on the set pm_1 of all 
polynomials of maximal degree m - 1. We consider estimates of the type 
Iufl I GCnI IIf’“‘IIm, lib+= sup I&x)1, (3.1) 
IXI<l 
with best possible constant c,, i.e., c, is the mth Peano constant of R, 
cm = c,(R) := SUP 
II f’“‘ll, Q 1 
lR[f]l = /’ IK,(R, x)1 dx, 
-1 
(3.2) 
where K,(R, * > is the mth Peano kernel of R. Using expansions with Chebyshev polynomials 
of the first kind, T, = $zP,, , (') Bra8 and the author [2] proved the following expansion of 
K,(R, .>: 
K,(R, x) = limK,,,(R, x), XE [-1, 11, (3.3) S+m 
s-l 
Km,,@, x> := c R[L+,lb,,,(x), 
p=o 
2 m! 2” 
&&) := - p(l -X2) 
m-1/2 ppw 
Tr (2m)! P/y’(l) ’ 
(3.4) 
(3.5) 
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which, for m > 1, converges uniformly in [ - 1, 11. We have 
cm(R) = l’llL,AR, x)I dx +ps, (3.6) 
where, using the Cauchy-Schwarz inequality, the following estimate is valid for ps, s = 0, 1,. . . 
(see [2]): 
l&l G m, im-I 
[ 
(2m)! s! 2m +s 1’2 
~ (2m +s)! 2m - 1 I 
sup IR[Tp+,] 1. cL>s 
Now, for x E [ - 1, 11, we consider inequalities of the type 
(3.7) 
which are stated in Section 1. We have 
Therefore, it follows that 
1 1 m-2 1 
’ 7F m - 1 vFi s + 2~ + 1 z: i 
r(a s+2y,m + 1) 
r(LY,+2p,m + 4) R I [ Tm+s+2p 4 
1 1 m-2 1 
( 
r(ff s+2/.L+l,m + 1) 
+7Fm-1 v!i s+~z.J+~:! r(as+2p+l,m+f) R Tm+s+2p+1 
I [ 4 * 
(3.10) 
Using e.g., inequality (1.15) or (1.14) we obtain the following theorem. 
Theorem 3.1. Let m > 1. Let R be a continous linear functional on C[ - 1, 11 vanishing on the set 
9 m_l. Then, fors=O, l,..., 
cm(R) = /’ I&&R, x)1 dx +ps> 
-1 
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where 
1 T(am + ;> m-2 
lPS’ i &(m - 1) T(cYm + 1) i 9 s+11+2v + ~r+21+2r]~~~R[~~+,1~, 
a:=+-min 
(m + S)” 
(m+~)~-~~m(rn-l) * 
(3.11) 
For increasing m and increasing s = s(m), but s/m = O(l), the above estimate (3.11) is 
asymptotically better than the estimate given in (3.7). On the other hand, for fixed m and 
increasing S, (3.7) is asymptotically sharper than (3.11). 
Finally, we apply this method to the remainder term R, of a positive quadrature formula Q, 
with respect to the weight function w = 1: 
(3.12) 
Mfl = /Ilf(4 dx - Qn[fl- 
Note that for positive quadrature formulas Q, with R,[gJ = 0, we have, by rough estimation, 
for p > 1, 
(3.13) 
In the following, by Rz we denote the remainder term of the Gaussian formula Q,” being 
uniquely determined by Rz[9,,_,] = 0. 
Theorem 3.2. Let j =j(n) E (0, 1, 2,. . . ,2n - 2) and let 
C2n_j( R;) := fi 
T(P(2n -j) + +> 
W(2n -j) + 1) 
j+l 
2n-14n-j+l 
(j + 3)(j + 5) (3.14) 
rr (4~2 -j + 3)(4n - 2j - 2) ’ 
p:=+-min 
2n-j-l 
2(2j + l)n - j( j + 1) ’ 
Then, for the remainder term Rz in Gaussian quadrature, 
C2n-j(R,G) < ‘2n-j( Rn”). (3.15) 
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Remark 3.3. For increasing y1 and increasing j =j(,> with n/(2n -j> = O(l), (3.15) is sharper 
than the result stated in [2]. Furthermore, if n/(2n -j> = O(l), then 
‘2n-j(Rz) 
c,,_~( R;) = o(1)’ (3.16) 
The author intends to give the proof of (3.16) in a different context in a forthcoming paper. For 
increasing 12 and fixed j, see the results given in [3]. 
Proof of Theorem 3.2. For the proof, first note that 
RW2nl =40 RW2n+21 
2n + 1 
= -4 / 
1+ 1 (2n - 1)(2n + 3) ’ 
WLz+4I = 4 (2n + 1)(2n2 - 25n + 6) 
(2n - 3)(2n - 1)“(2n + 3)(2n + 5) ’ 
(3.17) 
(3.18) 
R,[TzP_r] = 0, for every p E N, (3.19) 
24”(n!)4 1 
3n > dfi = (2n)!2(2n + q = h - z + 0W2) (3.20) 
(cf. [1,2]). Th f ere ore, by (3.10) using (3.6) and (3.9), we have that 
C2n-j(R,G) = j_l,lK2n-j,j+6(RZp x)I dx +Pj+6 
G I? I R,G[T2n+2vl lfllbj+2v.2n-j(X)l dx 
v=o 
1 +3(2n-j)++) 1 
+ z T(P(2n -j) + 1) 2n -j - 1 
2n-j-2 
x v!. j+2:+7 sup 14 T2n+6+2r] I CL>0 
(3.21) 
(3.22) 
T(p(2n -j) + 3) 2d, 
’ T(/?(2n -j) + 1) IG 
2n-j-1 
x VC~ j+2k+l + (It (2.--?)~~+3)i;~fi~‘j+2k+3 
(212 + 1)(2n2 - 25n + 6) 2n-j-1 
+ (2n - 3)(2n - 1)“(2n + 3)(2n + 5) 
r-I 1 
v=o j + 2v + 5 
1 (2n + 6)2 1 
+- 
d, (2n+5)(2n+7) 2n-j-l 
i 
(3.23) 
J(P(2n-jl+f) j+l 
T(P(2n -_i> + 1) 4n-j+1[1+Al 
(3.24) 
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where 
2n + 1 j+3 
A G (2rt - 1)(2n + 3) + 
(2n + 1)(2n* - 25n + 6) 
4n -j + 3 (2n - 3)(2n - 1)‘(2n + 3)(2n + 5) 
1 (2n + 6)* (j + 3)(j + 5) 
+ G (2n + 5)(2n + 7) (4n - 2j - 2)(4n -j + 3) . 
Now, an estimation of (3.25) yields (3.15). 0 
In [2] it is proven that, for it > 1, 
4 
c,(RZ) < J- 
i-- 
$2 
n! (3&)“_1. 
(3.25) 
(3.26) 
Up to now, there is no other quadrature rule <Q,> known, such that lim,,,(R,)/c,(Z?:) = 0 
(see also [4, Problem 11). The following result improves (3.26) for II > 32. 
Theorem 3.4. For the remainder term Rz in Gaussian quadrature it follows that, for each n E b4, 
cn(Rf) < L 
2 
n! (3fi)“-l ’ 
(3.27) 
Proof. For n > 32, (3.27) 
T as given in [lo]. Note, 
Remark 3.5. Using the 
follows from (3.23) with j = n using estimates for the gamma function 
that, for j = n and n > 32, for p in (3.14) we have /3 > 0.3665. 0 
above method, the right-hand side of (3.27) asymptotically can be 
decreased at most by the factor 4~/(9&) = i(1.612.. .). But by numerical investigations one 
may conjecture (cf. [2]) that 
c,(R;)= 1 ’ 
n! (3fi) 
n-l (1 + o(l))7 
see Table 1 for n = 1, 2,. . . ,20. 
Table 1 
Error constants c,(Rz> of order n for Gaussian quadrature formulas Q,” 
(3.28) 
n 1 2 3 4 5 6 7 8 9 10 
n! (3&j” - ‘c,(R,G) 1.000 0.843 0.888 0.907 0.927 0.941 0.951 0.959 0.966 0.971 
n 11 12 13 14 1.5 16 17 18 19 20 
It! (3&)“-‘c,(R;) 0.975 0.979 0.983 0.985 0.988 0.990 0.992 0.994 0.996 0.997 
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Note added in proof 
Concerning the conjecture given in (3.281, in the meantime the author proved 
116 1 
c,(Ry) = - - --?(I + o(l)). 
n! 3 (34x) 
(3.28a) 
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